We construct the asymptotic expansions in powers of the coupling constant A for the asymptotic fields and the scattering operator S for self-coupled Boson fields with space cut-off polynomial interaction in two space-time dimensions. These asymptotic expansions are then used to prove that S*S = SS* = n in the sense of asymptotic power series in A 9 on a dense set of states.
Introduction.
Vfhereas the existence of the basic quanti ties for a mathematical description of the scattering of particles has been proven for a number of interactions 9 both for systems of finitely many and for systems of infinitely many particles 1), the problem of the unitarity of the scattering operator has been tackled successfully only for certain quantum mechanical systems of finitely many particles and very restricted forces 2) and, as far as field theoretical models are concerned, for t11e case where no pure creation terms are present in the interaction i.e. for models without vacuum polarization [6] . 3) In this paper we study the S-matrL~ for the space cut-off polynomial boson interactions in two spacetime dimensions [7] . These P(~) 2 interactions have been studied intensively in recent years, especially by J. Glimm and A. Jaffe, and shown to have limits, when the space cut-off is taken away, which satisfy all the Wightman axioms for a local, relativistic covariant theory of quantized fields. In [8] one of us has constructed the asymptotic fields for these models, for the case of a space cut-off interaction. 4) In this paper we prove that these asymptotic fields are equal, in the sense of asymptotic series~ to a power series in the coupling constant A , on a dense domain of the }}ock space •. 5) The scattering operator S is defined in terms of the asymptotic fields. Using the asymptotic series for the asymptotic fields we then prove that S is asy~ptotic for A = 0 to an asymptotic series in powers of A , on a dense domain. This yields then asymptotic series for all S-matrix elements between dense sets 1) See e.g. [1] , [2] and the references given therein.
2) See e.g. [2] , [3] and C4], [5] , and the references quoted therein.
3) References for models somewhat inbetween the two mentioned classes, like e.g. external field models and lee-type models are mentioned e.g. in [16] . 4) Related results for the special case P(~) = ~4 have been obtained also in [9] .
5) Such asymptotic expansions have been derived in [10] for space and ultraviolet cut-off relativistic fermions interactions. of states. In particular it follows that the S-matrix is not trivial. The asymptotic series for to study the operators s-:~s and ss-xare then used, in section4, on a dense set of vectors.
Vle prove that S*S and ss->(-are both asymptotic, for small val.:.. ues of A, to the identity operator, on the chosen dense set of states. This then proves the unj_tari ty of the S-matrix in the sense of asymptotic series. The results use essentially a strong control on the Hamiltonian, such as the one provided by Rosen's higher order estimates [12] , and the existence of the asymptotic fields [8] . The same information is available for a large class of space and ultraviolet cut-off interactions, in any space timedimensions. Our results extend therefore to such interactions 9 including the bose-bose, bose-fermi and fermi-fermi polynomial interactions of [10] , the Nelson's type interactionsof [1] and the non polynomial interactions of [11] .
2. The models, the asymptotic fields, the wave operators and the scattering operator. be the interaction 9 where A is the (real) coupling constant 9
g(x) is a smooth non negative function of compact support, P(a)
is a polynomial bounded from below 9 and : P(cp(x)): is the correspondent Wick-ordered polynomial in the field (see e.g. [7] ).
It is proven (see e.g. [7] ) that H = H 0 + AV is essentially self- .
be the sub spaces generated by applying all polynomials to Then Jr can be decomposed as a tensor product V ± 9 where 0 ·2! V ± is the closed subspace of ff anni-
Relative to this tensor decomposition the opera tor H -E has the form H-E = H± ® 11 + 11 ® H 0 0 ±9 where H; is the free energy operator in ~ and 11 ® H~ is the restriction of (H-E) to the invariant subspace 0 0 V ± , which is positive, with finitely dimensional spectral decomposition 7 ) on the interval [0 9 m-e] 9 for any e > 0 • I 6) For the proof that the bottom of the spectrum of H is a simple 9 isolated eigenvalue 9 see e.g. [7] . 7) See e.g. [7] . 
for any operator C 9 and V(t) =
We make also the convention to allow for the value j = 0 in (2.7) 9 setting A= B in this case. 
where the integral is a strong one.
Proof~
The proof is completely similar to the one of Lemma 2 in
Ref. [8] and uses (2.8) together with the essential self-adjoint- 
where f is a C--:D square integrable function (which may depend also on some of the variables of compact support in p and vanishing in a neighborhood of p = 0 • Such a term is estimated in the UEual way (see e.g. [8] , [9] , [10] ) by 
. , # Since all the integrals we shall consider will always be understood as strong ones 9 we shall mostly omit to write this specification in the considerations of this section.
Let A be any operator of the form (2.7). (3.5) into the last integral in (3.4)~ we get: and hence is again of the form (2.7). -itH itH -itH itH = e e 0 Ae 0 e converges strongly on The limits for t -+ + CD and those for t -+ -co are related to each other by the following asymptotic expansions~ Consider now the scattering operator Since it is bounded 9 it is determined by its values on a dense set of states.
By linearity it is sufficient to compute S B0 0 9 where B = a-l<(h 1 ) .
• cr1
• • a ·l<-( h ) 9 3.8) and since 9 by Lemma 2. 4 9 ( 3.9) we get (3.10) On the other hand B+Q is given 9 according to Theorem 3.1, by~ (3.11) (3.12) where all the integrals are strongly convergent.
By Lemma 2.5 we have:
Inserting this into (3.11) we get (3 .14) n . J
J-- given by:
The remainder satisfies the estimate
with ( Iii 'N+1 independent of A.
• (3.21) Remark 1~ The terms 9 up to the arbitrary order N in the asymptotic expansion of S given in Theorem 3.3 are expr0ssed n 9 m in terms of the Fock vacuum 9 the free time zero fields and the interaction V in the interaction picture 9 anic:an ihus be computed.
One checks easily that the asymptotic expansion for S is difn9m ferent from the one of a constant 9 since the terms of order larger or equal 1 do not vanish identically. Since to a given function there is only one asymptotic expansion 9 this proves that (as to be expected!) space cut-off polynomial interactions in two spacetime dimensions have non trivial scattering. 10 )
10) The analoguous result was proven in [1b] for Nelson's type models and in [11c] for non polynomial interactions.
Remark 2~ In order to prove that the series given by the right hand side of ( 3. 21 ) for N -+ co is actually uniquely summable to the sum S , additional information would be needed, e.g. in n,m the form of strong enough estimates on the remainder (with respect to the order N ) and analyticity of in in some suitable 11 ) complex sector. We shall now construct the asymptotic power series expansions for S*S and SS* , using the asymptotic power series expansion of S given by Theorem 3.2.
Since W is bounded, we can form Consider first S*S =Vi* W S. A has the form of the operators covered by with
where all the integrals are strongly convergent.
FDom Lemma 2.5 we have~
Introducing this into (4.3) we obtain
Insert now this expression for hand side of (4.1). We obtain:
W AO 0 ( 4. 5) into the sum on the right (4.6) where all the integrals are again strongly convergent.
We apply now the bounded operator to both sides of (4.6).
Because of the strong convergence of the integrals and the bound- where R is given by (4.10) .
For R we can easily find an estimate, using the facts that is a partial isometry, S' E-is a contraction, RM+ 1 (A_)O is given by (4.3) and RN+ 1 o is estimated by (3.19) .
We have thus, for !AI ~ e But the operator under the norm is of the form (2.7) of those es- This is a subclass of the interactions studied (also in the infinite volume ( 1-+ co)~ limit) in [ 11] (where also references to previous work are given). For these models the analyticity of the S-matrix elements S in A , for small n~m A , has also been proven in [11c] . The asymptotic series is thus in this case convergent to the analytic functions In this case it is moreover proven ~11c] to coincide with the linked cluster expansion of the S-matrix. The present paper yields, for these nonpolynomial models, the additional information of the unitarity of the scattering operator (and the S-matrix) in the sense of asymptotic series, for small values of the coupling constant A •
